The equivalent curvature radius of two teeth surfaces at their contact point taken at the normal plane. 
INTRODUCTION
Gear rattle is caused by torsional vibrations of the crankshaft due to the engine firing frequency and inertial imbalance (Dogan and Lechner [1] , Shih et al [2] ). This initiates cyclic angular accelerations to be transmitted from the engine to the transmission input shaft, leading to impacts of gear and spline teeth due to gear teeth oscillating within their backlash (Dogan and Lechner [1] , Seaman et al [3] , Padmanabhan et al [4] ). The gear vibrations are transmitted via the supporting bearings to the transmission case (Fujimoto and Kizuka [5] ), which vibrates as a membrane, hence, acting as a sound radiator (Sakai et al [6] , Wang et al [7] ) to the environment. In most of the literature available, torsional models of the idle gears are presented to simulate gear rattle, including hysteresis, gear backlash, the meshing stiffness and linear damping. Backlash is usually modelled using the dead space function, while the clutch stiffness and hysteresis have been modelled as piecewise linear functions (Singh et al [8] , Kim and Singh [9] ). Fujimoto and Kizuka [5] used a temperature-dependent drag torque.
The gear teeth stiffness has been usually considered as constant (Sakai et al [6] , Kamo et al [10] ) or using time-varying coefficients (Wang et al [11] , Yakoub et al [12] , Kahraman and Singh [13] , Blankenship and Singh [14] and Theodossiades and Natsiavas [15, 16] ).
The contact stiffness utilised by Yakoub et al [12] was also dependent on gear geometry, whilst Bellomo et al [17] represented the teeth contact forces following the Hertzian approach and considering coefficients of restitution. Brancati et al [18] modelled the gear stiffness, using an approximate equation, in which the stiffness depends on the position of the pinion in the contact zone, tooth width, tooth depth and helix angle. Similar approach was also followed by Umezawa et al [19] and Cai [20] , who modified the approximate method by incorporating the effects of tooth numbers and addendum modifications.
Furthermore, Brancati et al [18] followed Umezawa et al [19] and Cai [20] into transforming the torsional gear system into a translational system along the line of action.
Usually, lubricant effects were regarded as resistive action only, and mostly dry gear teeth impacts have been considered in rattle investigations. Rust et al [21] reported lubricant viscosity and oil depth as major components contributing to drag torque. Dogan [22] considered the oil squeeze action between the meshing teeth and the gear flow action in the bulk oil as resistive torques. Examining the oil effect further, Gnanakumarr et al [23] assumed line contact between the gear flanks and hydrodynamic action in the lightly loaded counter-formal lubricated contacts between the gear teeth. A hydrodynamic formula proposed by Rahnejat [24] was used in this investigation, which takes both forcing and damping effects into consideration and depends on the lubricant entrainment speed, the contact geometry, and the approach velocity between the teeth. Brancati et al [18] have considered the damping effects of oil only assuming an elastic force when gear teeth are in contact and non-linear damping force during separation. Unlike Gnanakumarr et al [23] , who assumed the drag in idler gears to be a function of the relative velocity between gear and shaft, Brancati et al [18] considered a constant drag torque. The damping force introduced was based on assumptions, such as: constant radii of curvature (taken at the pitch points) and viscosity, and ignoring sliding velocity. Similar assumptions were used by Gnanakumarr et al [23] . In both investigations, it was concluded that the presence of lubricant in the contact zone and increased viscosity lead to reduction in rattle vibrations.
THE MECHANICAL MODEL
The mechanical model is comprised of 11 degrees of freedom (figure 1), seven of which are torsional, representing the idle gears angular motion, whilst the remaining four degrees of freedom represent the rectilinear motions of the supporting output shafts (excluding the axial motion). The equations of motion for the idle gears mounted on the two output shafts are then formulated as follows:
For the 1 st idle gear wheel (combined with the reverse speed pinion, as shown in figure 1 
For the 2 nd idle gear wheel
For the 3 rd idle gear wheel
For the 4 th idle gear wheel 
And for the reverse gear idle wheel ( ) 
In the above equations, 
The rectilinear equations of motions are formulated as follows (figure 1):
where
For the 2 nd output shaft Due to the low loads experienced under engine idle conditions, iso-viscous rigid hydrodynamic conditions have been assumed between the gear meshing teeth (Theodossiades et al [25] ). The lubricant reaction, W , for such conjunctions was derived by Rahnejat [24] and also independently by Sasaki et al [26] : The load on each tooth flank is then given by:
The hydrodynamic flank friction (Gohar [27] ) is acting normal to the line of contact 
And the corresponding torque due to tooth flank friction is defined as: 
The traction induced by the supporting needle bearings of the idle gears can be reasonably approximated using the hydrodynamic Petrov friction approach (Gnanakumarr et al [23] )
for a concentric arrangement with zero eccentricity (figure 3), since the loads experienced under idling conditions are low. It can be written in the following form:
The generated resistive torque is calculated as:
The bearing reaction forces are in the following form (Harris [28] ):
where x is the shaft displacement and b is the bearing clearance. The coefficient of stiffness K depends on the bearing geometric properties (Harris [28] ).
EXPERIMENTAL SET-UP
A passenger vehicle equipped with a diesel engine and a manual transmission was used to validate the numerical model. The vehicle was tested with the engine in idle conditions and the transmission in neutral, in a semi-anechoic environment to minimise the influence of background noise. The aim was to correlate the frequency spectra of the numerical model output shafts to that of the transmission walls at the corresponding locations (due to limited access to the transmission shafts) and thus, to examine the model accuracy, since it is well established that rattle noise is radiated to the environment due to vibration of the gearbox surface. The mounting positions for the accelerometers were chosen in a suitable way to follow the path of vibration transfer. Thus, measurements were taken from the bearing locations on the transmission housing, the transmission wall, as well as from the transmission mounts to the vehicle chassis (figure 4). The sample rate was set to 12,000
Hz. Additionally, impact hammer testing of the gearbox housing revealed its natural frequencies.
RESULTS AND DISCUSSION
The case examined corresponds to typical values for gear backlash (from 80 to 150 μm, (1) - (11) are calculated, since the lubricant film behaves as a nonlinear spring, following the meshing cycle variation, The equation of motion of the input shaft is also included in this process.
The lubricant stiffness is determined by differentiating Eq. (12) with respect to the film thickness, considering the rolling term only:
This stiffness is a function of time, since it depends on the film thickness and gear contact kinematics as a function of the rolling/sliding geometry. By neglecting the toothto-tooth variations, the fundamental period of the impacting stiffness is equal to 
The solution of the eigenvalue problem determines the natural frequencies and normal modes of the system, which are shown graphically in figure 6 . As it can be seen from Eq.
(19), the lower the hydrodynamic film thickness, the higher the natural frequency of the corresponding gear pair with the film stiffness being proportional to  1760 Hz corresponds to the natural frequency of the 1 st output shaft x and y motions (1775 Hz and 1800 Hz, respectively) with less than 3% difference in both cases. It is also very close to one of the main natural frequencies of the transmission case (1750 Hz), as it has been identified experimentally with hammer testing. In Table 2 , the natural frequencies of the transmission housing below 3000 Hz are shown. (2146 Hz) with less than 2% difference in both cases.
The above observations reveal a good agreement between the numerical analysis and the experimental findings. At this point, it is important to underline that the equation of motion of the input shaft has not been considered in the nonlinear analysis, since the kinematics of the shaft were available from experimental measurements for direct use, as input conditions in the numerical model. This arrangement has resulted in isolating the input shaft from accepting reactions backwards from the idle gears, which could be the case for the real system. However, these reaction forces are expected to have little effect on the dynamics of the system, since they are very low compared to the engine excitation.
Nevertheless, the numerical analysis has predicted the vibration frequencies of both output shafts and the natural frequencies of the idle gear pairs, which are present in the spectra of the experimental measurements.
CONCLUSIONS
A new methodology for the study of idle gear rattle in automotive manual transmissions has been proposed, taking into account the effect of lubricated contacts. The lubricant behaves like a non-linear spring damper, affecting the response of idle gears during the meshing cycle. The examination of the linearised system has revealed its natural frequencies, demonstrating that lubricant viscosity is an important factor, which governs the overall system behaviour, affecting the interacting reaction forces, drag torque and friction in the gear pairs. The experimental measurements taken from a vehicle equipped with the same transmission type as the one modelled are in good agreement with the numerical findings. The inclusion of the transmission case (using FEA techniques) and the input shaft in the numerical model could be the following steps in this investigation, in order to shed more lights in the effect of those components on the overall system behaviour. Table 2 : Natural frequencies of the gearbox in the frequency region below 3000 Hz 
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